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Background

The first task is to (re-)familiarize yourself with the following mathematical concepts:

• Equivalence relations

• Vector spaces, bases, linear transformations

• Inner product spaces over the complex numbers, unitary transformations.

• Tensor products of vector spaces.

Once you feel good about the above topics, move on.

Warm-up questions

Work out the following warm-up questions in detail, before moving on to the ‘main question’.

Question 1. Let V be an inner product space over C. Let S = {u ∈ V : 〈u|u〉 = 1} be the
subset of unit vectors.

(i) Define a relation on S by: u1 ∼ u2 if there exists a unitary linear transformation
U : V → V such that Uu1 = u2. Prove that this is an equivalence relation.

(ii) Show that there is only one equivalence class for the equivalence relation above (hint:
use the Gram-Schmidt process)

Question 2. Consider now the tensor product V ⊗ V .

(i) Explain how we automatically get an inner product on V ⊗ V from that of V .

(ii) Let S = {u ∈ V ⊗ V : 〈u|u〉 = 1} be the set of unit vectors, with respect to the inner
product of part (i). Define a relation on S by: u1 ∼ u2 if there exists unitary linear
transformations UA, UB : V → V and such that UA ⊗ UB(u1) = u2. Prove that this is
an equivalence relation.

1



Main Question

Now the main question. It should serve as the key ‘toy example’ for the entire research
project.

Question 3. Find the equivalence classes for the equivalence relation of Question 2 (ii)
above.

Here are a few hints: first, there should be infinitely many equivalence classes, so don’t
try and prove that there is only one, like in Question 1. Second, you will need to turn this
into a question about matrices: in order to do this you will have to understand how elements
in V ⊗ V can be viewed as matrices. Outer products representations may help here. Once
you do that, apply the ‘Singular Value Decomposition’ of a matrix, which should lead to the
‘Schmidt Decomposition’ of a tensor.
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