
 

K a field
R k algebra commutate

HAWK Rao R
R KR

HA LMK H HHCHKD

if R smoothfk
HH elk SENK

R a comntatrek alg then

HHMk is a simplicial com
K alg

4 Sl action

Universal

R HH Hk

s action on hypy groups
recons deAlam

differential



Can also allow k to be a more general

HHCHk R
L
q

Y

R ER also date k linear
tensor product

Try to make k
smaller

ED tf k Ep consider HHCRIED R Ep Ig

Potentially more
information HH RIZ

In fact HH Hz determines HACHFp

Calculation HH zD Tepco 14 2

7
divided power algebra

Idea of THA is toreplace
bare by the sphere

spectrum initial object in Gas ring
spectra

Then divided powers go away



Det R a comm ring
THHAD R N R

RAR

THA B is an Ee ring spectrum
equipped of

an Sl action a way I THHED

initial for this
structure TCHH S R

Theorem Bokstedt

THH Fp Fp o 14 2

TAHCFD Ep A Fp
EplFtp

dial steamedalg

CfrFp deal steamed algebra

Ean also be proved using
thefact that ffp is

a Thon spectrum get a formula for Than
spectra



Rink If char O CR is a Q alg
thanTHHCA HACHQD

In char p ormixedcharJ you do get more
information

States R an Fp alg
THA R is a THACED

module

THA e n Ift HHCheep

THACED

Note that THACED FtpCd so

this relative smash product is

cofib o EFAACB THHAD HITCHED

THA R is a l parameter deformation of HACHAD

along parameter o

Analogous to the
fact that de Rham cohomology

has a l parameter
deformation givenby crystalline

cohomology parameter p



TAH has additional structure than the S ae a

Called a cyclotomic
spectrum

Can be expressed using
languageof G equivariant

spectra

Canform THH R for n O

These are related to each
other by

certain maps F V R Frobenius Verschiebury

Restriction

F THH DG
TAHCR.JP come forthe

factthat one

THA e
G THA GH hasangamie

equivariant

R THA DG THA DG spedm

relies on

These maps look like the
cyclotomic

structure on the p typical
witt stuntmen

vectors of a Kamm ring

Theorem HesselHolt Madsen Ra communing

To GAH RIG I Wnt B



F V R correspond to Witt vector

Frobenius Verschiebmy Restriction maps

Def Nikolas Scholze

A cyclotomicspectumm
is a spectrum X w

s NX together w a map

cyclotomic Frobenius

Op X yep

Kp equivariant
map

Claim THALR is anaturally a cyclotomicsputum

CHALRAJ generally does
not have this structure

Lets define a moreHeafrant invariant of rigs
than HHf4k

hd can form

topologicalydichamologgy TCC HongspCIIHHHD

TC is relevant for algebraic K theory



Why does THACRJ have this
additional

structure as a cyclotomic spedmD

R a commutative ring we need to produce

a map top

q
THHAD TAH

p
S equivariant

Recall that THA s R Gu Eaing speedy

To gie an Sl gun map out
of THA D

suffices to gie a map outof R

Constructing cyclotomic
Frobenius is equivalent to

R THA R
KP as a mapof Gwigs

Here it is
essential towork over the sphere

spectrum

consider the following setup

M abelian group
p

g M M ts x x x

ed



This is not a homomorphism but can becorrected

as follows

Cp M P
panning the factors

9Gty a to but the discrepancy is a

Cp nom

ED p 2
X Qty Getg xxoxtyxoyt x yty X

n

r M abeliangroup

hams Ggggf

g M IIIIoGpiiJofiYagegt0PJq

sMCoPJGJX1
yXxoxxo.n X

If M is a commutate ring

9 M
topjG

q
is a rig map

C



n n

Frobenius

Thesetypes are how are defines the cyclotomic
ofnaps Frobenius

In the setting of spectra onehas an analog of

these diagonalmaps

Cors If X a spectrum

there is a naturalmap

X rpg
tcp

version of the
previous map

for spectra

Why RHS is an exact lax synneticfunctorofX
Gives a natural map from id Dtc

Explained in the paperby
Nikolaus Scholze

This does notwork in darned
category of Ffp



I e V EDGED

V n r s pytCp

CIT produce Frobarly map Gs Fp them up

tH
Ra comin whgy

Want cyclotomic

Pr T H tf

formed

foqIp ytGIbkg.j HED
relies on thefact
that our spherespatm Cp E S 1

Example
THHEID Ep o 14 2

THHCED P EpCx 11 2



The Frobanhs
p TAACFD

THHCEDHP is

an quake on conneche carers Cops xD

More generally for any Rp
algebra R

THHAD THA the HPCRIED
a

equine some
work

this is a bit surprising b c

THA R slogan I parameter defof HH.FRfpD

RHSis HP Mpp de Rham cohomology Rhq

If R is smooth our Fp then g is

an isomorphism oh bye degrees 3 din

This leads tothefact that TUB is a
bonded

degrees



The Hesselholt R smooth algorer
a perfect field K then

THHC I'm KED 14 2

cyclotomic Frobenius

THACH THHAD P HP is an

equivalence in degrees dim

Cartier type operator

More generally can calculate

THACDG WmRE of
lout 2

Rfk HHCHDust Meaney

HACHKI nogadteehmolgy

TC zt
HAYY notbonded



TC E Honeys CI THACRD

TERI ekTHHC.BY sTHHCDts

E stable co category THA e

DOD Ra commung
cyclotomic

f
spasm

can define Sl action

TC

In corn case THH has universal property

THH stalk a categories
cyclotomic
sputa

TCR Iim THHCR

Rof F

Linq
THA G


