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Overview

Theorem (Hopkins-Mahowald-Sadofsky)

The exotic K (h)-local Picard group kj, =0 at primes p such that
(p—1)+h and 2p—1> h2.

In this joint work in progress with Dominic Culver, we study kj, at prime p
such that 2p -1 = h2.

Observation
@ The assumption 2p — 1 = h? implies (p—1) + h.

@ Unknown if there are infinitely many such pairs of primes and heights.
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Main results

Theorem (Culver-Z.)

Suppose the prime p and the height h satisfy 2p — 1 = h2.

@ When the Smith-Toda complex V (h — 2) exists, elements X in kp,
cannot be detected by V(h - 2), i.e.
X®gmny V(h-2)= Lgn)V(h-2). (eg. (h,p)=(3,5),(5,13))

@ If the Reduced Homological Vanishing Conjecture holds at p =5 and
h =3, then k3 =0 at p=>5.

© There are bounds on the divisibility of Greek letter elements that would
imply both RHVC and kj, = 0 when 2p -1 = h?.

v

Conjecture (Reduced Homological Vanishing Conjecture)

Fp ~ HO(Gh;th) — Ho(Gp; mo(Er)/p)
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-
Strategy

©

o
o
o
o

GHMR defined a map 7 : ki, > H? " (Gp; map-2(Ey)), which is
injective when 2p — 1 = h2.

Show that H (Gp; M) = HY (Gp; M[p) for M = map o(Ep).
Use Poincaré duality to relate ng to both Hy and H?:

H (Sp; M) = Ho(Sp; M) HY (Sp; M) = HY(Sp; M)

The Gross-Hopkins duality identifies the equivariant Pontryagin dual for
m¢(Ey) as an Sp-Ep-module. This dual involves Ej,(det).

Identify Ej(det)/p as a limit of finite suspensions.

Use the change of rings theorem to translate to BP computations.
Greek letter computations.

Use the same method to study RHVC and compare.
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K (h)-local Picard groups

K (h)-local Picard groups
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The K(h)-local Picard group
Definition

Denote by Picg () the Picard group of the symmetric monoidal category
(SP () ®K () LK (h)) Where

X®rmn) Y = Lgm) (X AY), 1k = S?{(h)'

Theorem (Hopkins-Mahowald-Sadofsky)
The followings are equivalent:
o Xe PICK(h)

e (En).X is a graded invertible (E},).-module.

From there, we get the zeroth detection map:

evo : Picg(yy — Pic(graded (Ej),-modules) = Z/2
X —— (Ep)+(X)
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The algebraic K (h)-local Picard group
Let Pic(;((h) = {X € Picgp) | (En)+X = (Ep)+} = kerevg. For any

X e Pic([){(h), (Enr)o(X) comes with a Gp-action. This induces the first
detection map:

evy : Pic%(h) —— Pic(Gp-(Ep)o-modules) := Pic%ﬁ}%

X —— (Ep)o(X)

Theorem (Hopkins-Mahowald-Sadofsky)

Picssy) = H(Gn; mo(Er)¥).

Example

Z]207Z[2 & Zso

- ealg,0 XY o~ =
When h =1, Pic End,(Zy) = { Z/(p-1)®Zy, p>2.

K1)~
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The exotic K (h)-local Picard group

Definition
Kp, = kerevy is called the exotic K (h)-local Picard group. J

Homotopy groups of X € Spy(;, are computed by the HFPSS:
Ey'(X) = H (G (En)e(X)) = H(Sn; (En)i(X))* = m-s(X)

The E>-page of the HFPSS for X € kj, is the same as that for S?((h).
Their differences lie in the higher differentials.

Theorem (Hopkins-Mahowald-Sadofsky)
kp =0 when (p—1) + h and 2p -1 > hZ.

Question
Is k, =0 when 2p—1=h??

Culver-Zhang (MPIM and UPenn ) K, when 2p —1 = h? eCHT Seminar 9/30



K (h)-local Picard groups

Proof of the Theorem

Let X € kj, be an exotic element. The proof consists of four steps:

Q (0-th line) EY°(X) =7Z, and ES'(X) =0 when ¢ # 0.

@ (Sparseness) E5'(X) =0 unless 2(p— 1) | t. This implies the first
possible non-trivial differential is d2 e EOO(X) 2p 1202 (X)),

© (Horizontal vanishing line) When (p-1) + h, cdp(Sh) = h?. This
implies 5" (X) = 0 when s > h2,

@ The above implies that there is no room for higher differentials in the
HFPSS for X when (p—1) 4+ h and 2p—1 > h%. As a result, any

generator [n] € ES’O(X) = Zyp is a permanent cycle, which converges to
some element 7 € mo(X). One check that 7 factorizes as

Ly (n)

n:SO—>5’K(h) =X
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K (h)-local Picard groups

Algebraic detection of kj,

GHMR used dg,_1 to define an algebraic detection map for ky:

evy : ki, — HP (G mop-2(En))

Construction (Goerss-Henn-Mahowald-Rezk)

Fix an Gy,-equivariant isomorphism f* : (E;). — (E})«(X) and define
¢~ via the following commutative diagram:

HO(Ghimo(Bn)) -2 HZ (G map-a(Bn))
(fX)*lN :l(fx)*
HO(G (En)o(X)) ~25% HZ(Gy: (En)ap-2(X))

Set evo(X) := ¢ (1). Then evs is a well-defined group homomorphism.

v
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K (h)-local Picard groups

An exhaustive filtration on &y,

By considering higher and higher differentials in HFPSS, we get an
(m)

exhaustive filtration on £y, where ;" = ker evy,1.
N
(m) eVim+2 2(m+1)(p-1)+1,2(m+1)(p-1)
Kp, P E(p-1)+2
N
N
(1) E4p 3,4p-4
N

Ry Byl = HEP (G map-2(En))

Corollary

evy is injective when (p—1) + h and 4p —3 > h?. As a result,
HP Y (Gy; mop-2(Ep)) = 0 implies kp, = 0 under the same assumption.
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The Chromatic Vanishing Conjecture

Conjecture (Hopkins)
The inclusion v : WF » — mo(E}) of G,-modules induces an isomorphism
on group (co)homology in all heights, primes, and degrees:

Ly :Hg(Gh; Wth) —~> HS(Gh; 7T0(Eh))

ta :Hs(Gp; W) — Hy(Gp;mo(En))

The cohomological version of the conjecture has been proved in the
following cases:

@ s=0 for all h and p.
o h<2forall pands. (SY95, Behl2, Koh13, GHM14, BGH17, BDM+18, ...)

Conjecture (Reduced Homological Vanishing Conjecture)

IFp ~ HO(Gh;Ith) - HO(GhQWO(Eh)/p)
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PICK(h) fOI’ h = 1, 2

ZoxZ]AxZ]2 p=2;
ZpxZ[2(p-1) p>2.

@ evy: P|cK(1) - P'Cx(i) is surjective.

o HMS’s Theorem implies x1 = 0 when p > 2.

o When p=2, evy: vy —> H2(Gy;mo(Er)) = Z/2.

ZExZ/16 xZ[3x 7|3 p=3;
72 x Z[2(p* - 1) p>b.

e (HMS) When h =1, Picg(q) = {

@ When h =2 and p > 3, Picg (g = {

° evy: Pch(Q) - Pic?90 is surjective.

K(2)
o (Hopkins) When p > 5, Pic‘;{l“gg = 7.2 x ZL|(p* - 1). This computation uses
the Vanishing Conjecture at s = 1.

(Karamanov) The above formula holds at p = 3.

HMS's Theorem implies k3 =0 when p > 5.

(GHMR) When p = 3, evy : kiy —> H2(Go;m4(E)) = Z/3 x 7/3.
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Duality
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Bounded torsion

Proposition
Let M = m,_5(Ep). Then H' (Gy; M) = HY (Gp; M/p) if (p—1) + h.
Proof.

From the SES of Gy,-presentations

0 s M —25 M s M/p — 0,

we get a LES of group cohomology of Gy. By considering the action of
the center Z; 9 S, on M, we get a Lyndon-Hochschild-Serre SS:

Ey® = H{(Gn/Zy; H (Zy; M)) = H;™*(Gn; M).

This SS implies H (Gp; M) is p-torsion. Now from the LES in group

cohomology, we conclude H?Q(Gh;M) ~ H?Q (Gp; M /p), since

h? = cdp(Sy) when (p—1) + h. O
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—

Poincaré duality

Goal
Compute HfQ (Sp; 7 (Ep)/p)®? when (p-1) + h and t =0 or 2p - 2. J

. . 2
A direct computation of H" when h > 3 seems to be out of reach.
Instead, we use Poincaré duality to relate this computation to Hy and H?.

Theorem (Lazard, Symonds-Weigel)

Sy, is a p-adic Poincaré duality group of dimension h?.More precisely, let
M be a p-complete S;,-representation. Then we have

HE(Sp; M) = Hyo_o(Si; M) H3(Sps M) = HY=5(Sy; MY)Y,

where (-)" := Hom(-,Q,/Z,) is the p-adic Pontryagin dual.

Corollary

RHVC is equivalent to the mod-p CVC at s = h> when (p—1) + h.
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Gross-Hopkins duality

We will use the second form of Poincaré duality, and relate it to the Greek
letter computations. To do so, we must identity the Sp-equivariant
Pontryagin dual M"Y for M = m,(Ep)/p.

Theorem (Gross-Hopkins)

Let m = (p,uy, -, up_1) dmo(Ep) be the maximal ideal, then
Tt (En)" = mop— Ep(det)/m™,

where (det) denotes the determinant twist of the stabilizer group action.

v
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The determinant twist mod p

So far, we have showed:

H (S m(En) p) = HY(Sp; mon—(Ey ) (det)/(p) + m™)".
The next step is to identify the determinant twist mod p.
Theorem (Gross-Hopkins)

There is an isomorphism of Gp-modules:

1m 2 ‘Uh‘
7 (Ep)(det)/p ~ 7. (EN-"” A Eh)/

More precisely, let J < wo(Ey) be an open invariant ideal containing p,
N
such that (Ey)«/J has a v} -self map, then

7o(Ep){det) /T = m, (2 pih'Eh)/J:nt_M(Eh)/J.
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Fixed points of the quotient mod (p) + m*

Let M be a Gp-mo(E}p)-module. Recall M/(p) + m* := 09]11%1 M]J,
peJdbp

where J ranges over all open invariant ideals of Ej containing p. Notice
this colimit is filtered and S, is topologically finitely generated. This
implies the canonical map

colim HO(Sp; M/J) = HO(Sp; M/(p) + m™)
peJEy

is an isomorphism. Consequently, we have established in this section:
) Gal

HY (Gp;mi(E ~ colim HY | S; Ep)/J
¢ (Gusmi(Ep)/p) = colim ( thQh_t_pN;{)1|u;L\( n)/ ) :

N
where N (J) is the smallest N so that v} is invariant mod J. To prove
LHS is 0 (I,) when ¢ =2p—2 (¢ = 0), we want to show that every single
term in the colimit on RHS is zero ().
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Greek letter elements

Greek letter elements
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The Change of Rings Theorem

Let M be a BP,BP-comodule. Denote Extfg’tP*BP(BP*,M) by H*'(M).

Theorem (Change of Rings)

Let Zj, = (p,v1,v2,+,vp_1) < BP, be an invariant prime ideal and
m d7o(Ey) be the maximal ideal. Then there is an isomorphism:

HZ (G mi(Ep) [m™) ~ H* (v BP.T;7)

Let J be an invariant ideal of BP, such that p € J €7, and that NV is the
N

smallest number so that ”Z is invariant mod J. Using the Change of

Rings Theorem, we can translate our computational goals to:

N
p v Fp’

0,2h—t-21onl 4 B t=0;
H =1 (v,  BP.:/J) = { 0 t=2p-9 holds for all such J.
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Greek letter elements

Greek letter elements mod Z;,_;

-1
Let MF , =v;'BP./(p,v1, - Up-1, 05, -+, 052 ).

Theorem (Miller-Ravenel-Wilson)

HO%* (M} ) is additively generated by the following elements:

,US
Y% =
e Where (p,s)=1.
M —L where j > 1.

pUL-VR_2V],_,

3 i N
. ——F——, where N > 1, xp,  is some replacement of vy , (p,s) =1,
PU1Vp—2V5 4
and 1< j <apn for some ay n defined by a recursive formula.

For any open invariant ideal Z),_1 € J € Zp,, H**(v;,' BP,/.J) is then
generated by the elements above that satisfy J ¢ (p, v1, "',’Uh_g,U}Jlil).
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h2
H mod (p,uy, -, up_2)

Lemma

ae HY* (M} ) corresponds some element in
2 e
Hh (Gh;ﬂ't(Eh)/(p,U]_,"',Uh_Q)) iff

p™ |vp|

lo| =2h -t - - Nlop|

mod p

Corollary
LetteZ. Hé‘Z (Gp,me(En)/(p,u1, -, up—2)) is zero unless:
e (Family I) |vy| divides t.

o (Family Ill) t = spN|up| - LWJFU
1<y <apN-

When h =2, p > 5, we recover Behrens' computation of H(Ga; i (E2)/p).
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eek letter elements
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Implications of the MRW computations

When (p—1) + h, the above computation yields:

Corollary

o Ho(Gp; m0(En)/Tn-1) = HY (Gp; m0(En) /Tn-1) = Fp.
o Ho(Gh; mop-2(En)/In-1) = HY (Gp; map-2(En)[Th-1) = 0.

When 2p — 1 = h?, the latter measures whether the exotic elements in ry,
are detected by the Smith-Toda complex V (h —2) := S°/(p,v1, -, vp_2).
From this we conclude

Theorem (Culver-Z.)
Suppose the Smith-Toda complex V (h — 2) exists and 2p —1 = h?. Then

X ®k(n) V(h-2)= LK(h)V(h —2), for any X € k.

In particular, this is true when (h,p) = (3,5) and (5,13).
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Greek letter elements

Greek letter elements mod p

Proposition

As an F,-vector space, H**(M}™1) is generated by elements in the
following families:

i where (s,p) =1.

" pu1vp-1

1 dn_1y - .
Il — G where (p,v1 ;- vp"Y) is an invariant ideal.
PUy " Vpy
yN h . pN
1l W, where yn 1, is some replacement of v , (s,p) =1 and
1 _
d . i N
(p, ”1 U Y ) i an “admissible” sequence.

By analyzing the degrees of elements in Families | and II, we get
e Family | contributes a copy of F), to HfQ(Gh;m(Eh)/p) when |vp| | t.
e Family Il does not contribute to HQQ(Gh;Trt(Eh)/p) when t € Z.
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Bounds on divisibility

It now remains to study Family Ill. The precise condition for

(p, U1 , Zhll,yNh) to be an “admissible” sequence is out of reach
when h > 4. Nevertheless, we have:

Theorem (Culver-Z.)

@ Family Il does not contribute to Hf2(Gh; mo(Er)/p) if
Z d;|vi <2 1] |vh| —2h for all admissible sequences.
@ Family Il does not contribute to HfZ(Gh; mop-2(En)[p) if

oV
Z difvi] < 210! | h| —2h +2p -2 for all admissible sequences.
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Greek letter elements

From the Vanishing Conjecture to k; =0
The bounds above suggest RHVC is closely related to the vanishing of xj,
when 2p —1 = h2. Indeed we have

Theorem (Culver-Z.)
If RHVC holds at height 3 and prime 5, then k3 =0 at p=5.

Proof.

@ Suppose k3 =0 at p = 5.

@ Then HY(G3;mg(F3)/5) # 0. There is some non-zero Family |l
element [a] € HY(Gs3; (13(FE3)/5)V).

© [«] cannot be v;-torsion, since HY(G3;ms(E3)/(5,u1)) = 0.

Q v1 - [a] corresponds to a non-zero element in HY(Gs;mo(E3)/5).

Q@ H)(Gs;m(E3)/5) already has a copy of F,, from Family | elements. So
v1 - [@] contributes another copy to it, which would imply RHVC fails.

v
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Greek letter elements

Thank you!
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