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Throughout this talk

-p -z

- G - a finite 2-group.



Classical Steenrod Operations

÷÷:;÷:"⇒
Sgi i Hn (× ;E) → Hmi (✗; Fz)

.

- Sgi is natural in
.

X

- sqicx)={
O ne e

is n-- i

- Sqi (Ecu)) = Osgi (a) 8 : ti
"

(Ex) ⇐ HEX)



In 1952
, Jose

'

Adem proved a conjecture of Wen-tsiin Wu

Lik

sqisqi = [ Sgi+I
-

ksqk when 2:<j
k-o



Steenrod Algebra

A =¥{sÉ:e}
Adem Relations



Modern Reformulation

tix :E) ⇐ [X,E
"

Hitz] =[× ,HE]
-n

-HE - mod 2 Eilenberg McLane spectrum
.

A ± [HE
,HE]

*



Notable Applications

(1) head to the construction of Stiefel Whitney classes .

/

Thom ismS

Wi = I
' Sqi (a)
t
Thomclass

.(2) tread to Adams spectral sequence

Extgyclfz, HT) ⇒ IT*(8)④212
.

(3)
, (4) , - - - - .



Equivariant Steenrod Algebra .

(an abstract definition
① For any G-space or spectra X ,

H* (X; Iz) I [✗ , HIIZ]
G

G
•*

,
* c-RO(G)

HE - G-equivariant Eilenberg spectrum with coefficient in#

① G-equivariant Steenrod algebra .

AG : = [ HE
, HE]

G

*



② Note AG :=[HE
, HE]G is an algebra over

114g :-[Sig , HIT]?



KnownResults
①G=-1:( Steenrod 11947) ,

Adem 49527)

⑨ G =Cz: My= Fz[Going]⑤ O{aÉuÉ : i. j >of , and .

AG := 1Mq[ Sqi : i > o]
'

Hu-Kriz (2001)

la¥ ↳eiodsky (zoos)

③ Nag is not known for GT-E.cz
, G ! ! !

9 E Mingcongthe-Kriz
Nick G



Today's Goal
③ Construct G-equivariant squaring operations

Sof :H*(→ E) > H'
*""f- ;E)G

where ✗ is an EULERIAN SEQUENCE
.



AG-equivariant tautological bundle
-Recall

,
the tautological line bundle over RP•

ECK) := Colin SING ✗ (E)nsoo [z

t
Rp
•
= BEZ :=

Colin
S(ne)¥*n→A

e- sign representation of %



- Let p denote the regular representation of G.
- Let I devote the sign representation of Ez

.

⑨The G-equivariant bundle 8g :

forget G-
action

1Gt 8, c- E- (8g) ⇐¥:3 SGP④E) §
,

@⑦2)
t

Baez :=¥:%sGF ¥607\

GxEz repn
/



Claim : 8g is HE -orientable
.

!

Pioof : HE does not distinguish between

n¥%S(np④T) §
,

@⑦2) n¥%S(np④E) {(e)

8g : t and Eg: t
¥-2 SGP⑦e) xq.co) ¥-3 SGP⑦e) xq.CO)

Ei= I



Consequently :

② HIE -Thom isomorphism .

1-(8GtHIT _~T(EG) ntetfz
G

gEPBGEZ, ^HE

② Httz-Thom class
,
u C- 1-1%(1-189) ;E)

.

⑨ Hitz - Euler class
.
I c- H§(Baez+HE)

.

zerosection:BgEz+→ 1-(DG )



Deff : A sequence of elements in H*G(BgEz ;E)
✗ = (ao , ai , Az, . . - -)

is called EULERIAN if

i s ai+ , n e = ai

①it ao n e = 0



Remark

a) tail =p -1 Iai- , I = - - - = ip -1 Iao I

11×11 = - l ao I = ip - tail

Cii ) If ✗ is Eulerian then so is

✗En] =(0÷¥ , ao , arias , - - - .)



Examples
(it G--1- ; 1-1*113%+7=11--2{ boibnbz

,
- . - .}

where bi is dual to tie H*(13%+7 =~1Fz[t]

- EULERCLASS i e = t

-

bi, ,ne = bi

- Thus
, P = (babe , . . .) is an Eulerian sequence

SQB = 1
- B [n] = (0,0 , - - -, 0, bo , b, , - - -)

sq
G)
= Sq
"



④ G=Cz aoiuoe Me
,

→H%(BE)IMcz[Y iyi=o
Hu-Kriz (Y2=agy+u•✗) 1×1=8Voevodsky

⑥ H%(Bg§j=1Mq{

Y.x.yx.is?yx?.---?0HElBeih+)=1Mcfbo&b?.bp.&?j.bz?j,.......zEulerdassof8cz
is ✗



•Twofamilies of Eulerian sequence. . . .
⑧ BED :={Q . - - -10,1 , bpebzp , - - - -3

.

② 8[n] :-10, - →0.boibp-qbz.pe , . - .}

sqB[D= Sofi sq8[M=gq2't '



Philosophy / Key idea.
Classical Steenrod operation is a consequence
of two geometric facts :

it HE is an Eas- ring spectrum . DntE) =EEn+znEaY
On :Dn (Hitz)→ HIFZ

,
by
G

Pern
.

Cii ) The tautological line bundle8, is HE-oriate.be
-

un :-148,)→[HIFZ
.



step-1ci.li- lii) ⇒ Power Operation

If we 1-1^(11,11--2) ie u :X, > 2^14115

Dz(✗+)=(E§§✗✗2),Plus c- 1-12^(1721×+1115)

P(U) Abbreviate :H:=HlE

DIX?
Dd%
DIE"te) >DIS"lnDzlH)

IS

51%8
,
)nDzG%ÑHnH→Ñ

Dis
"
/ =EG§§f")=EnT(n8,)



PowerOperation ⇒ squaring Operations
⑨ The diagonal map

✗→✗ ✗✗
+Fiat

¥5
is Ez -equivariant and induces a map

8 : BE ✗ ✗ >Dz(X) = E4.x ✗
✗2

-

E&
,

✗
ER

⑨ The following formula defines the Steenrod squaring
operations

.

HEBED④H•
its

IP(a) = [Sgi (a)④ th
- i

14*(134*1)i = -n

t
Kunnethiso for



The G-equiv Steenrod operation is a consequence
of two geometric facts :
C) HIE is an E-of- ring spectrum .

On :D?(Hitz) > 1-111--3

where
,Dna(E) = EgEn+ InE

^^

- Egg is a G✗En- space defined by the universal

property

EgEnt
'
e{
* HeGxEn st HnEn =L

of HCG✗ Em St HnEn -1-1
.



Cii ) 8g is HIT -orientable .

⇒ un : T(n8g)→ EPHIF,

d) tlii ) ⇒ Power operation

Pfl : tiff-1 tinyDiy -11G



ue te
"EX+7

.

Abbrev H := HITZ

D} (✗+)
Dila)
v

DiyEPH)→DEYS"4 nDETH)÷÷.÷÷⇒*
.



If ✗ is a G-space , then the diagonal map
o :X→Xxx
0 0trivial action flip action ofofEz Er

.

is GxEz - equivariant map.

⇒ The map 0 induces a G-equiv map .

8 :BgEz^X+ >DzG(✗+)



If u c- HIRE) then we have :

is P(u) C- HMP(✗ +)
.G

Cii ) Stop(a) C- tfnP(BgEz+^%)G

But we do not have a Kunneth

isomorphism
.!



G- equivariant Steenrod Operations

Def-i.tt✗ = ( ao , ai , az, . - =) be an Eulerian

sequence. For uc- H %) define

Sof (a) = ulan
.

C-) / C- ) : 1-19A ✗B) ✗ H
*(A)→ H

*(B) is
the slant product .



co-njecture-iss.gl: ✗ is Eulerian} generatesAG:=[HE ,HE]*G .

- Total Squaring Operations ?

- Adem Relations ?



FUTURE GOAL II)

- Identify Eulerian sequences in H§(Bq¥ IT)
.



t.I-onjecfure.tt
e c- tiff BgEz+) denote the Euler class .

•There exists

bn C- HnGp(BgEz+)
ne

dual to en c- Hq .(BqEz+) sat . Bln] -19--10,1 ,biibz,- - - .)
.is Eulerian

.

BED ones sgnp
G



⑨ Let G be an Abelian group and .lt < G

Res"* : Hof (X)→ H% (Resta))
: 1-181×1→ Ha%( 07×1)



- Res:(SqnPcu)) = Sq
""""

(Rest:(us)
H

- OT:(sq
"Ew) = Sq
a ai:(☒cut



FUTURE GOAL (E)
Potential applications problems in geometry
- let W and V be G-representations .

PEW) = { Lines in to }
.

Questions : Does there exists a G-equivariant
immersion pewter f- ?

- Cobordism ring of G-equivariant
manifolds ?



THE END


