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Hopf rings

Definition
A Hopf ring is an object in the category of graded counital
coassociative cocomutative coalgebras.

As such, a Hopf ring consists of
@ A sequence of abelian groups {M;}

@ with a coproduct p(m) =" m @ m"

@ and a multiplication o : My @ My — My p.
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Hopf rings & Q-spectra

Consider an Q-spectrum
G = {Gk}.

This represents a generalized cohomology theory with
G' X ~[X, G,

Since G*X is an abelian group, Gy is a H-space.
This H-space structure,

* Gk X Gk — Gk,
gives rise to a product in homology
x: E,Gk® E.Gk — E*(Gk X Gk) — E.Gg.

If E.(—) has a Kinneth isomorphism, E.(Gk) is a coalgebra
and E. G, is a Hopf algebra
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Hopf rings & Q-spectra

Suppose G is a ring spectrum.

Then G*X ~ [X, G,] is a graded ring and the multiplication
GKX x G"X — GF'x
has a corresponding multiplication in G :
o: Gk x Gy — Gkun
and applying E.(—) we have
o: E,Gk ®g, E«Gp — E.Gkn,

making E. G, a Hopf ring.
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Ravenel-Wilson Hopf ring method

Idea (Ravenel-Wilson)

The two products x and o allow for the construction of many elements
from just a few.

Applications (Ravenel-Wilson):
@ The mod p homology of classical Eilenberg-MaclLane spaces

@ The Hopf ring for complex cobordism

@ The Morava K-theory of Eilenberg-MacLane spaces
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Classical non-equivariant Ravenel-Wilson

Eilenberg-MacLane Spaces

Consider the Eilenberg-MacLane spectrum for [y,

HEp = {K(Fp, n)} = {Kn}-

Up to homotopy, HF, is characterized by

H(X;Fp) = [X, K.

H.(—;Fp) has a Kiinneth isomorphism so H.K, is a Hopf ring.
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Classical non-equivariant Ravenel-Wilson

Ravenel-Wilson computational tools
Let A" denote the topological simplex
A"={(t, b, ) eRN—1<H <. <t <1}

The Classical Bar Construction. For a topological monoid A, the
pointed space BA is defined as a quotient

BA=J]A"x A"/ ~
n
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Classical non-equivariant Ravenel-Wilson

Bar Spectral Sequence

The bar construction BA is filtered by

BlA~ 11 OA” x A/~  CBA

t>n>

with associated graded pieces

BUA/B-1A ~ St A AM.

Applying H.(—) to these filtered spaces gives the bar spectral
sequence with E'-page

El. = H(S) @ H.(A)"

computing H.(BA).
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Classical non-equivariant Ravenel-Wilson

Ravenel-Wilson computational tools

The bar spectral sequence has

E2, ~ Tort-Km(Fp, Fp) = H.BKn = H,Kp1.

Useful homological algebra:

TorEX(Fp, Fp) ~ ey x]

Tor™(F,,, Fp) ~ E[esx] @ I¢x]
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Classical non-equivariant Ravenel-Wilson

Circle product structure

The cup product is induced by a map

o=omys: KmAKi— Knie (1)
The map (1) can be constructed inductively on m.
Assume o, o has been defined,

Replace K11 and Kn. 01 With bar constructions

{JT2" x Kp/ ~y A Ko — {][ A" x Kine/ ~}- (2)
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Classical non-equivariant Ravenel-Wilson

Circle product structure

Define
{JT A" x Kp/ ~y A Ko — {]] A" x Ko/ ~}. (2)
n n
by
{(t,x)} oy ={(t,xoy)} (3)
where t € A" x = (X1, -+ ,Xn) € Km,and y € K.

Theorem (Ravenel-Wilson)
The above construction is well defined and gives the cup product
pairing

= = - = E—er(
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Classical non-equivariant Ravenel-Wilson

Theorem (Thomason-Wilson)
The o product factors as

BlK, x Ky — B Ky,

M M

o BKm X Kg — BKm_,_g
and the map

B[T]Km/B[t—ﬂKm X K[ — B[[]Kerf/B[t_”Kere
4 2

SIAKN x Ko — STAKRE,

is described inductively as (ki,--- ki) ok = (ki o K,--- , ki o K).
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Classical non-equivariant Ravenel-Wilson

Theorem (Thomason-Wilson)

Let E] .(E.Km) = E.Kn1 be the bar spectral sequence.
Compatible with

o: ExKmy1 @, ExKy = ExKmio41

is a pairing
E{ .(E.Km) ®n, EKy = E{ (E<Kiny0)
with d'(x) oy = d"(x o y). Forr = 1 this pairing is given by

(Kil -+~ k) o k = (ki o K'|kp o K"| - -+ | ks o kD)

where k — Y K @ k" @ --- ® kD) js the iterated reduced coproduct.

v
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Classical non-equivariant Ravenel-Wilson

Ravenel-Wilson computational tools

Example

H.Ki = E[e1] ® Tlo)
TorH-Ki (Fp,Fp) = Meo] ® Eley a(;)] & r[¢a(i)]

= H.K> = T[~yp,-(e2)] ® E[e1 o a(/)] ® T[Oz(,-1) o a(iz)]

Upshot

We can inductively deduce the homology of Eilenberg-MacLane
spaces using standard homological algebra!
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Mod p homology of Eilenberg-MacLane Spaces

Let e, € HiKj, o € HoiKj, Bi € Hy;CP*® i>0.

The generators are €1, Q) = api Biy = Byi-
For finite sequences I=(i1,bp, ), 0<ii<bp<---,
J:(j07j17"')7 ijO,

define  «a; =« )oag)o---,
B! = B8 o B o
Theorem (Ravenel-Wilson)
H.K. ~ @, E(e1 0 ajo 87) @1y T(ayo 87) J




Classical non-equivariant Ravenel-Wilson

Mod 2 homology of Eilenberg-Maclane spaces

For finite sequences
l:(i(f1)7i07i17i27"’)7 Ikzo

define _
/ Ol(_4 ol J
(e1a) = e, )oa(o")oa?11)o---.

Theorem (Ravenel-Wilson)

Then
H.K, ~ @,E[(e1)]

as an algebra where the tensor product is over all | and the coproduct
follows by Hopf ring properties form the o’s.
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Stabilizing, the Steenrod algebra

Homology suspend f;) to define
fi € Hz(pi_-])H,

Homology suspend « ;) to define

Ti € H2pi_1 H

Then

H*HZ E[T077—17”']®P[§17£27"'
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RO(G)-graded homology

G a compact Lie group

@ V areal representation of G, SV a representation sphere
@ (Co)homology graded on the real representation ring RO(G)

G=0C
@ Two irreducible representations Ry, and Rgg, (also denoted o)

—
-~

~3-2-10 12 3 3221012 3

@ Representation spheres S' and S°
s' O §7 -1

C.
@ H.(X)=H2(X;Fy)



RO(C,)-graded homology of a point

au
H.(pt,z) = Fala.ul & 2% (0)
where |a| = —0o, |[u| =1 —0,and |f| = 20 — 2.

v
o

Figure: H,(pt, F,) with axis gradings determined by V ~ RP~9 ¢ R9°.
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Co-Equivariant Eilenberg-MacLane Spaces

The Eilenberg-MacLane spectrum for the C»-constant Mackey functor
EZ;

HE, = {K(F2, V)}vakort = {Kv}vakoti-
Up to Cs-equivariant homotopy, HF, is characterized by

HY(X:E,) = [X, KV]

naturally for all X.

RW Methods & RO(C5)-graded homology 20/39



Equivariant strategy

Strategy & equivariant computational tools

@ Give explicit models for
* KV X KV — KV

and
O:KVwa—>Kv+W

using bar and twisted bar constructions

@ Investigate RO(C,)-graded (twisted) bar spectral sequences
o Recover examples: H. K., H.K(Z, p)

o Compute: H,K(Z,20)
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Equivariant strategy

Strategy & equivariant computational tools

Lemma (Behrens-Wilson)

Suppose X € Sp®2 and {b;} is a set of elements of H,(X) such that
(1) {®®(b;)} is a basis of H.(X®) and

(2) {®%(b;)} is a basis of H,(X®C2),

then H,(X) is free over H, and {b;} is a basis.

Computation strategy:
@ Use o-products to produce elements in H,Ky

@ Then use explicit models for
x: Ky x Ky — Ky and OZKvXKw—)KV+W
to analyze underlying and fixed point maps
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Twisted monoids & the twisted bar construction

Twisted monoids

Definition (Liu)

A C»-space Ais a twisted monoid if it is a topological monoid in the
non-equivariant sense with the product satisfying v(xy) = v(y)v(x)
where Co ~< v > .

Twisted bar construction
B°A=1,A" x A"/ ~
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The RO(C,)-graded twisted bar spectral sequence

Twisted Bar Spectral Sequence

The twisted bar construction B A is filtered by

Bi/A~ T A"x A"/~ C B°A

t>n>0
with associated graded pieces
ByAlBr A~ slalot[5] A At

where the C-action on Al is given by

Y@ A Nag) = (van A Ayan).
Applying H,(—) to these filtered spaces gives the twisted bar spectral

sequence computing H, (B’ A).
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The RO(C,)-graded twisted bar spectral sequence

Example

H.B° Ky = H.K, = H,RPy; is a free H,-module with a single generator
in each degree [J]o + [J].

Proof: £/, = H,(Slz17+ 2]y p H,(F2).

q @ Filtration degree corresponds
to topological degree

V ~RP-9p R
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The RO(C,)-graded twisted bar spectral sequence

Example

H.B° Ky = H.K, = H,RPy; is a free H,-module with a single generator
in each degree [J]o + [J].

Proof: £/, = H,(Slz17+ 2]y p H,(F2).
q @ Filtration degree corresponds
to topological degree

@ d’ shifts topological degree
down by one

V ~RP-9p R
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The RO(C,)-graded twisted bar spectral sequence

Example

H.B° Ky = H.K, = H,RPy; is a free H,-module with a single generator
in each degree [J]o + [J].

Proof: £/, = H,(Slz17+ 2]y p H,(F2).
q @ Filtration degree corresponds
to topological degree

@ d’ shifts topological degree
down by one

@ There are no nonzero d’,
r>1

V ~RP-9p R
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The RO(C,)-graded twisted bar spectral sequence

Example
H.B°Ky = H.K, = H.RPj, is a free H,-module with a single generator
in each degree [J]o + [J].

Proof: £/, = H,(Slz17+ 2]y p H,(F2).
q @ Filtration degree corresponds
to topological degree

@ d’ shifts topological degree
down by one

@ There are no nonzero d’,
r>1

@ There are no nonzero d',
otherwise we would be killing
a known generator of
V ~ RP-9 @ R H.(RP>)




The RO(C5)-graded twisted bar spectral sequence
The homology of K,
H, K, is an exterior algebra on generators
&y, Q(j) = Qi (i>0),

where
€s € HO'KO’7 aj € HpiKau (I > 0))

and has coproduct

Y(e)=10e, +6,®1+ale, ®e,)

n n—1
Y(an) = Z An—j @ aj + Z U(€ran_1-i ® €sQ;)
i—0 i—0

with a € HF,,_,, and u € HFogy_ 5.
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Collapsing twisted bar spectral sequences
Examples

H.RP;, = Ele,, &

0):a(1)7
H,CPg; = E[Bo). B(1)

-] = Eles] @ Tag)l; |es| = o, lag)| = 2'p,
] = e,] where | 5(y| = 2'p
Theorem
We have
H.K(Z,20)

Elez,] ® I'[X(0)] where |€2| = 20, [X(0)| = 2p.
=] = = E na



Differentials in the twisted bar spectral sequence

a,
8
7
6
5
4
3
2
1
—2—_1/1ﬁ 2-3 57§ 4 priid
[xy] [xylxy]
Twisted bar SS computing H. K>, x| y] [x|y|xy]
[yix|xy]
(=] = {/ v E Qe
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Fixed points of equivariant Eilenberg-MacLane spaces
Proposition (Caruso)

(Kma—kn)Cz ~ Kpx - X Knym
Example

(K,)% ~ Ky x K;

=} = = = 12N Ge
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Fixed points of equivariant Eilenberg-MacLane spaces
Proposition (Caruso)

(Kma—kn)Cz ~ Kpx - X Knym
Example

(K,)% ~ Ky x K;
Example (Maps to underlying and fixed point homology)
H.K; = E|e,, 54(,')]

=} = = = 12N Ge
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The homology of K.,

For finite sequences

JZ(jU?jO?j‘Iv"') jk207

define ' , ,
(ea&)‘] =el o 54%0) o 54?4‘) e

Theorem

Then

H*K*U‘ = ®JE[(eU&)J]

As an algebra where the tensor product is over all J and the coproduct
follows by properties of the o-product from the &’s.

v
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Equivariant Thomason-Wilson

Theorem (Equivariant Thomason-Wilson)
The o product factors as

BtKV X KW — BtKV+W

M M

o BKV X KW — BKV+W
and the map

BIKV/Bt_1 Ky X KW — BYKV+W/Bt_1KV+W
2 2

St/\K/\tXKW—>St/\KV+W

is described inductively as (ky,--- ,ki)ok = (ki o Kk, - -~

,ktok).
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Equivariant Thomason-Wilson

Theorem (Equivariant Thomason-Wilson)

Let E{ ,(EiKy) = E.Kv,, be the bar spectral sequence
and suppose E" is E,—flatfori <.
Compatible with

o: E.Kvi1 ®H, ExKw — ExKviw1

is a pairing
E{ (E.Kv) ®H, E.Kw — E[ (EKviw)
with d"(x) oy = d"(x o y). For r = 1 this pairing is given by

(Kil - |ke) ok = +(ki o K'|kp o K| - - |ks o k)

where k — S K @ kK" @ --- ® k(D) js the iterated reduced coproduct.

v
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RO(C,)-graded homology results

The homology of K,
Let B
ﬁi € HpiK(Za p)a (I > O)
This gives additional generators,
By =Bar (i >0),
of H,K, with coproduct

() = Boi ® B;.
i=0

Theorem
We have
H.K, = E[er o G, aiy © i), Bl
where iy < i, and the coproduct follows by properties of the o-product
from the Qj) s and ,3(,') s.
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RO(C,)-graded homology results

Notation for the homology of K. .
Then for finite sequences
I'= (i1, do, - k), 0<ii<hb<--,
W= (wy,wo,---,wg), O<wy < <---
J={(1.Jo. 1. - .js),  wherej_; € {0,1} and all other j, > 0,
and

Y =("1.Y:¥1,--.¥r), wherey_ ;€ {0,1} and all other y, > 0,

define
(e108)™ = &7 " o agiy 0 agy o -0 agy o By o A oo B,
(e108)""Y = €™ 0 ) 0 Auy) © - 0 gy 0 BaY 0 BT 0+ 0 B,

=k — Wi=q [JI=S and|Y]=Xym



The homology of K, ...

Theorem
Then, we have

H*K0+i = E[(e1 a/B)LJ o &(m)a (e1 a/B) Wy © B(t)]

wherem > ix andm > (,t > wgandt >y, |l|+2||J|| =i and
W[ +2|]Y[| =i—1, and the coproduct follows by Hopf ring properties
from the aj) s, ﬁ(,‘) s, aj) s and ﬁ(,‘) s.
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The homology of Ka, . 1
Example

K20-+1 K2(7+1 ~ K3 K2 = K1 X K2 X K3
H,K>,.1 is exterior on generators
€100,  Pyyodg), e odag) o ag,),
(b(k)(ea o ea)

Qi) © Xip) © A(js)-
O «Br <=> = Dae



The homology of Kz, i>2
K20‘+i K,

oot = Koy
Theorem

Co
K20+i

~ K x Kip1 x Kijo
The homology H,K>,; where i > 2 is exterior on generators
H.Ki—2 © B © By

H.Ki1 0 By 0 dgyy, HeKio e oag, oag,,
H.Ki_1 0 ¢®W (e, 0 &),

=} = = = 12N Ge
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RO(C,)-graded homology results

The homology of Ky where 20 +1 C V

Theorem

The RO(C>)-graded homology of Ky, 20 +1 C V, is exterior on
generators given by the cycles on the E?-page of the RO(C,)-graded
spectral sequence. Equivalently, RO(C,)-graded bar spectral
sequences computing H,Ky collapse on the E?-page.

Proof idea.

Use Hopf ring structure on E"-page to eliminate nontrivial
differentials H
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RO(C,)-graded homology results

Future directions

Stably,

H*H = H*[7—077—177_2’ T 751’521 o ]/(TI2 = (U + aTO)ﬁi-H + aTi-H)‘

@ What does an arbitrary element in H, Ky stabilize to in the the
Co-equivariant dual Steenrod algebra?

@ How does the stable relation T,? = (u+ arp)&j 1 + arjyq arise
unstably?

e Equivariant analogues of Ravenel-Wilson computations
¢ Algebra of twisted spectral sequences

e RO(C,)-graded bicommutative Hopf rings, C>-Brown-Gitler Spectra,
and Dieudonne theory
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