
SYLLABUS FOR ECHT READING SEMINAR ON

THE ADAMS SPECTRAL SEQUENCE

FOR TOPOLOGICAL MODULAR FORMS

ROBERT R. BRUNER AND JOHN ROGNES

Prerequisites: Steenrod operations in mod 2 cohomology, spectra and the stable
homotopy category, exact couples and spectral sequences.

Omissions: Odd primes, level structures.

(1) Introduction
[BR21, Ch. 0].

Quick overview.
(2) The topological modular forms spectrum

[Hop95], [Hop02], [Rez], [Bau08], [Goe10], [Kon], [DFHH14, Intro.], [Mat16], [Mil20,
Ch. 6].

Sketch the framework leading to the definition of the E∞ ring spectra

tmf −→ Tmf −→ TMF .

Discuss the calculation H∗(tmf ;F2) = A//A(2), pointing out the role of the Gap
Theorem about π∗(Tmf).

(3) The Adams spectral sequence
[Ada58], [Mos68], [Mos70], [Bru78], [BMMS86, Ch. IV], [Rav86, Ch. 2], [Boa99].

Set up the mod 2 Adams spectral sequence for a spectrum X, with E2-term
E2(X) = ExtA(H∗(X;F2),F2) ∼= ExtA∗(F2, H∗(X;F2)). Explain the change-of-
rings isomorphism E2(tmf) = ExtA(2)(F2,F2) = ExtA(2)∗(F2,F2). Discuss detec-
tion of homotopy classes by elements in the E∞-term, conditional and strong con-
vergence, multiplicative structure, and the geometric boundary theorem.

(4) Minimal resolutions and ext

[BR21, Ch. 1], [BR], [Bru22].
Explain how to use a minimal module resolution to calculate ExtA(−,F2) or

ExtA(2)(−,F2), and lifts of chain maps to calculate the (Yoneda) composition prod-
uct in Ext. Illustrate using Bruner’s program ext to establish notation for the
algebra generators of E2(S) in topological degrees t − s ≤ 24 and for E2(tmf) in
degrees t− s ≤ 48. Introduce Steenrod operations in Ext, and report how they act
in E2(tmf).

(5) The Davis–Mahowald spectral sequence; Ext over A(2)
[SI67], [DM82], [BR21, Ch. 2, Ch. 3].

Use the multiplicative Davis–Mahowald spectral sequence to calculate E2(tmf) =
ExtA(2)∗(F2,F2) from the groups ExtA(1)∗(F2, R

σ), where

F2
'−→ (A(2)//A(1))∗ ⊗R∗

is an A(2)∗-comodule algebra resolution. Deduce that ExtA(2)(F2,F2) ∼= SI has
the algebra presentation given by Shimada–Iwai. Explain the algorithmic role of a
Gröbner basis for this algebra.
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(6) The Adams spectral sequence for tmf
[BR21, Ch. 5, App. A].

Calculate the differential pattern in the mod 2 Adams spectral sequence for tmf .
Explain (without proof) the formula for d∗(Sq

i(x)) and take as known that η2κ = 0,
ηρ ∈ {Pc0} and η2κ̄ ∈ {Pd0} in the Adams spectral sequence for S. Summarize
presentations of the E2-, E3-, E4- and E5 = E∞-terms as Ri-modules, where

Ri = F2[w1, g, w
2i

2 ].
(7) Ext with coefficients; the Adams spectral sequences for tmf/2

and tmf/ν [BR21, Ch. 4, Ch. 6, Ch. 7, Ch. 8].
Use the output of ext (in degrees t−s ≤ 72) to establish notation for R0-module

generators of E2(tmf/2) = ExtA(2)(M1,F2) and E2(tmf/ν) = ExtA(2)(M4,F2).
Deduce their R0-module structures from that of ExtA(2)(F2,F2). Summarize the
differential pattern in the Adams spectral sequences for tmf/2 and tmf/ν, leading
to E∞(tmf/2) and E∞(tmf/ν). (The tmf/η case is optional.)

(8) The homotopy groups of tmf
[Bau08], [BR21, Ch. 9.1–9.2].

Introduce names for homotopy classes in π∗(tmf) detected by the algebra gen-
erators of E∞(tmf). Use the results on E∞(tmf/2) and E∞(tmf/ν) to determine
the hidden 2-, η- and ν-extensions in E∞(tmf), and determine π∗(tmf) as a graded
abelian group with η-, ν-, B- and M -action.

(9) The algebra structure of π∗(tmf)
[DFHH14, Ch. 13], [BR21, Ch. 9.3–9.6].

Discuss the edge homomorphism π∗(tmf) → mf∗/2 to integral modular forms.
Accordingly refine the choices of algebra generators for π∗(tmf). Outline how to
use the Adams filtration to determine the multiplicative structure of π∗(tmf) (up

to one sign). Present the alternative algebra generators (B̃k in place of Bk) that
simplify the multiplicative relations.

(10) Duality for tmf
[Sto12], [Sto14], [BR21, Ch. 10], [BGR22].

Review Brown–Comenetz and Anderson duality. Express tmf as Brown–Come-
netz and Anderson duals, and deduce Stojanoska’s self-duality of Tmf . Introduce
the ideal Θπ∗(tmf) ⊂ π∗(tmf). Outline the resulting algebraic dualities in π∗(tmf),
or the structure of the local cohomology spectral sequence for tmf .

(11) H∞ ring spectra and Steenrod operations in Ext
[Mil72], [BMMS86, Ch. I, Ch. VI], [BR21, Ch.11.1–11.2].

Review Steenrod operations in Ext and report how they act in E2(S) in topologi-
cal degrees t−s ≤ 24. Discuss the delayed (= modified) Adams spectral sequence of
a tower, and detection of power operations in the homotopy of an H∞ ring spectrum
by Steenrod operations in Ext. Present the formula for the generically first differ-
ential d∗(Sq

i(x)) on a class x. Deduce the Adams differentials d2(hi+1) = h0h
2
i .

(12) The Adams d- and e-invariants
[Mau65a], [Mau65b], [Ada66], [BR21, Ch. 11.3], [BR22].

Outline Adams’ and Maunder’s work on the e-invariant, in terms of factorizations
of S → ko through the fiber of p : ko →

∨
i>0 Σ4iHZ, and through the fiber j of

ψ3 − 1: ko→ bspin. State the (proven) Adams conjecture, and determine the ring
structure of π∗(j).

(13) The Adams spectral sequence for S
[MT67], [BMT70], [Bru84], [BR], [BR21, Ch.11.4–11.7].
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Calculate the differential pattern in the mod 2 Adams spectral sequence for S,
in the range t− s ≤ 24. Outline how naturality with respect to S → tmf helps to
determine the differentials in the range 24 < t− s ≤ 48.

(14) Some homotopy groups of S
[Isa19], [IWX], [BR21, Ch. 11.8–11.9].

Review names for algebra generators of π∗(S) in the range ∗ ≤ 24. Use the
results on E∞(S) and the homomorphisms π∗(S) → π∗(j) and π∗(S) → π∗(tmf)
to determine the multiplicative structure of π∗(S) in this range. Outline how tmf
helps to determine products in the range 24 < t− s ≤ 48.

(15) The tmf-Hurewicz image
[BR21, Ch. 11.10–11.11], [BMQ].

Use the cofiber sequence S → tmf → tmf/S and the Adams spectral sequence
for tmf/S to determine the image of π∗(S)→ π∗(tmf) in degrees ∗ ≤ 101. Report
on the work by Behrens–Mahowald–Quigley determining the Hurewicz image in all
degrees.
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(Zürich, 1994), Birkhäuser, Basel, 1995, pp. 554–565. MR1403956

[Hop02] M. J. Hopkins, Algebraic topology and modular forms, Proceedings of the International
Congress of Mathematicians, Vol. I (Beijing, 2002), Higher Ed. Press, Beijing, 2002,

pp. 291–317. MR1989190

[Isa19] Daniel C. Isaksen, Stable stems, Mem. Amer. Math. Soc. 262 (2019), no. 1269,
viii+159, DOI 10.1090/memo/1269. MR4046815

[IWX] Daniel C. Isaksen, Guozhen Wang, and Zhouli Xu, More stable stems. arXiv:

2001.04511v2.
[Kon] Johan Konter, The homotopy groups of the spectrum Tmf . arXiv:1212.3656.

[MT67] Mark Mahowald and Martin Tangora, Some differentials in the Adams spectral se-

quence, Topology 6 (1967), 349–369, DOI 10.1016/0040-9383(67)90023-7. MR214072
[Mat16] Akhil Mathew, The homology of tmf, Homology Homotopy Appl. 18 (2016), no. 2,

1–29, DOI 10.4310/HHA.2016.v18.n2.a1. MR3515195

[Mau65a] C. R. F. Maunder, On the differentials in the Adams spectral sequence for the stable
homotopy groups of spheres. I, Proc. Cambridge Philos. Soc. 61 (1965), 53–60, DOI

10.1017/s0305004100038639. MR0175127
[Mau65b] , On the differentials in the Adams spectral sequence for the stable homo-

topy groups of spheres. II, Proc. Cambridge Philos. Soc. 61 (1965), 855–868, DOI

10.1017/s0305004100039219. MR0202146
[Mil72] R. James Milgram, Group representations and the Adams spectral sequence, Pacific

J. Math. 41 (1972), 157–182. MR304463

[Mil20] Haynes Miller (ed.), Handbook of homotopy theory, CRC Press/Chapman and Hall
Handbooks in Mathematics Series, CRC Press, Boca Raton, FL, 2020. MR4197980

[Mos68] R. M. F. Moss, On the composition pairing of Adams spectral sequences, Proc. London
Math. Soc. (3) 18 (1968), 179–192, DOI 10.1112/plms/s3-18.1.179. MR220294

[Mos70] R. Michael F. Moss, Secondary compositions and the Adams spectral sequence, Math.

Z. 115 (1970), 283–310, DOI 10.1007/BF01129978. MR266216
[Rav86] Douglas C. Ravenel, Complex cobordism and stable homotopy groups of spheres,

Pure and Applied Mathematics, vol. 121, Academic Press, Inc., Orlando, FL, 1986.

MR860042
[Rez] Charles Rezk, Supplementary notes for MATH 512. https://faculty.math.illinois.edu/

∼rezk/512-spr2001-notes.pdf.

[SI67] Nobuo Shimada and Akira Iwai, On the cohomology of some Hopf algebras, Nagoya
Math. J. 30 (1967), 103–111. MR215896

[Sto12] Vesna Stojanoska, Duality for topological modular forms, Doc. Math. 17 (2012), 271–

311. MR2946825
[Sto14] , Calculating descent for 2-primary topological modular forms, An alpine ex-

pedition through algebraic topology, Contemp. Math., vol. 617, Amer. Math. Soc.,
Providence, RI, 2014, pp. 241–258, DOI 10.1090/conm/617/12286. MR3243402

Department of Mathematics, Wayne State University, USA
Email address: robert.bruner@wayne.edu

Department of Mathematics, University of Oslo, Norway
Email address: rognes@math.uio.no


